Abstract-Finite element method (FEM) is used for transient dynamic analysis of capacitive micromachined ultrasonic transducers (CMUT) and is particularly useful when the membranes are driven in the nonlinear regime. One major disadvantage of FEM is the excessive time required for simulation. Harmonic balance (HB) analysis, on the other hand, provides an accurate estimate of the steady-state response of nonlinear circuits very quickly. It is common to use Mason's equivalent circuit to model the mechanical section of CMUT. However, it is not appropriate to terminate Mason's mechanical LC section by a rigid piston's radiation impedance, especially for an immersed CMUT. We studied the membrane behavior using a transient FEM analysis and found out that for a wide range of harmonics around the series resonance, the membrane displacement can be modeled as a clamped radiator. We considered the root mean square of the velocity distribution on the membrane surface as the circuit variable rather than the average velocity. With this definition, the kinetic energy of the membrane mass is the same as that in the model. We derived the force and current equations for a clamped radiator and implemented them using a commercial HB simulator. We observed much better agreement between FEM and the proposed equivalent model, compared with the conventional model.
I. Introduction c apacitive micromachined ultrasonic transducers (cMUTs) [1] were widely studied and fabricated in the past decade. cMUTs with some unique capabilities attracted the attention of researchers working with applications such as medical imaging, high-intensity focused ultrasound, intravascular ultrasound, airborne acoustics, microphones, and nondestructive evaluation. Fabrication of cMUTs for those applications requires tedious process steps, which are time consuming and expensive [2] , [3] . Therefore, an accurate and fast simulation method is needed for designing cMUTs.
The efforts for simulating the cMUTs have started with the development of an equivalent circuit model [1] , based on Mason's equivalent circuit [4] for electroacoustic devices. different models for defining the equivalent circuit elements are available in the literature [1] , [5] [6] [7] . However, finite element method (FEM) simulations are still needed [8] to simulate the cMUT operation, including the nonlinear effects, medium loading, cross talk, and the effect of the higher order harmonics. recently, fully analytical models are developed for fast and efficient results of frequency response analysis [9] . FEM simulation packages such as ansys (ansys Inc. canonsburg, Pa) are powerful tools and extensively used for the analysis of cMUTs. FEM analysis predicts the performance of a particular design accurately, and hence, it is a very good testing and tuning tool. However, the computational expense required for the solution makes FEM tools unsuitable for using them in design stage. For instance, transient dynamic analysis of a cMUT is crucial to understanding the nonlinear behavior of the cMUT. However, it has high computational cost and requires many cycles to reach the steady state. It does not rapidly respond when a parameter is altered, and hence, an idea about its effect cannot be instantly grasped by the designer. calculated design charts for a large array of circular cMUTs are available in the literature [10] but lack the nonlinear effects when the cMUTs are driven with a high excitation voltage. In recent years, the efforts to model the nonlinear behavior of cMUTs under large excitations [6] , [11] have increased due to the emerging need for applications that require nonlinear excitation [12] [13] [14] [15] [16] .
In this work, we have developed an equivalent circuit, which takes into account the nonuniform velocity distribution across a membrane and predicts the nonlinear behavior of a circular cMUT. This model is based only on the physics of the device and does not employ FEM for any parameter determination. The equivalent circuit accurately includes the effect of the immersion medium loading. a linear equivalent circuit model can predict the small signal behavior of cMUT. However, cMUT exhibits strong nonlinear behavior even at very low ac excitation. a linear mechanical section in the equivalent circuit with a consistent radiation impedance is solved by harmonic balance (Hb) analysis. We perform transient and harmonic balance simulations and show that the results are consistent with the FEM results.
We have demonstrated the use of the proposed method by designing the time-waveform of the excitation signal to obtain the given acoustic radiation signal at the output of the cMUT.
II. analytical Equivalent circuit Model
It is common to use Mason's equivalent circuit to model the mechanical section of a cMUT [1] , [4] . Mason's circuit is comprised of a series LC section, where L represents the equivalent mass, which is 1.8 times the membrane mass, and C stands for the inverse of the spring constant of the membrane. In this equivalent circuit, the through and across variables are the average particle velocity and the total force on the driven surface of the membrane, respectively. In vacuum, where the medium loading is zero, Mason's mechanical section accurately models the cMUT and agrees with the FEM simulation results [5] .
When the device is immersed, it is necessary to consider the terminating radiation impedance in the equivalent circuit to represent the device behavior correctly. The radiation impedance of a radiator is determined by the particle velocity distribution across its aperture. It is the ratio of total power radiated from the transducer to the square of the absolute value of a nonzero reference velocity. Therefore, the through and across lumped variables must be defined in such a way that they are consistent both in the equivalent circuit model and in the radiation impedance.
A. Velocity Profile and the Radiation Impedance
The acoustic radiation from radiators with nonuniform velocity profiles is studied by Greenspan [17] . The particle displacement and the velocity profile across circular clamped membranes are not uniform and can be very well approximated by the profiles that Greenspan studied:
where a is the radius of the aperture, r is the radial position, v avg is the average velocity along the membrane surface, and n is a constant that specifies the type of the profile. If n = 0, then (1) stands for the profile of a rigid piston. For a clamped membrane, as the cMUT shown in Fig. 1 , n = 2 approximates the nonuniform profile. The radiation impedance of a velocity profile similar to that of a cMUT is given as normalized radiated power of a clamped radiator (n = 2) in [17] . When the cMUT is immersed in water, it is reasonable to assume that the electro-mechanical behavior, hence the model, of the membrane remains intact. However, interaction between the membrane and the medium loads the mechanical section. In Fig. 2 , the real and imaginary parts of the normalized radiation impedance of the piston radiator, Z rp , and the clamped radiator, Z ravg , are shown with respect to ka, where k is the wave number. Mason's circuit and the radiation impedance Z ravg are compatible, because the through lumped variable in both is the average velocity, v avg . Z ravg is considerably different than Z rp of a piston as depicted in Fig. 2 . For example, the real part of Z ravg is 1.8 times that of Z rp for large ka.
The inadequacy of simply terminating Mason's mechanical LC section by a rigid piston's radiation impedance in water, to model the immersed cMUT, is demonstrated in [18] , [19] . This is due to the fact that a rigid piston has a uniform velocity profile (n = 0), whereas cMUT can be better approximated by n = 2 in (1). The real part (resistive) of Z rp and Z ravg are similar for ka < 1, as depicted in Fig. 2(a) , whereas the reactive parts are not. In Mason's equivalent circuit, the turns ratio of the electromechanical transformer and the input capacitance are derived with parallel plate assumption, but the mechanical impedance is found based on the clamped membrane boundary conditions [4] . considering all these factors, it is not appropriate to combine Mason's model with the piston radiation impedance.
B. Root Mean Square Velocity
The average velocity is not an appropriate lumped variable to determine the kinetic energy of the membrane, which is a distributed system. The kinetic energy calculated using the mass of the membrane and average velocity is less than the actual energy of the membrane. The kinetic energy, E K , of the membrane mass is 
where v(r) is the velocity normal to the surface of the membrane, ρ is the density, t m is the thickness, and ρt m πa 2 is the total mass of the membrane. The term in square brackets is the square of rms velocity:
For a rigid piston (n = 0), both average and rms velocity are equal and the model parameters are the same. The relationship between the average velocity, v avg , the rms velocity, v rms , and the peak velocity at the center of the membrane, v p , are 
For n = 2, |v rms | 2 = 1.8|v avg | 2 and by using (2)- (4),
Hence, the kinetic energy of the membrane mass in (2) is preserved only if rms velocity, v rms , is employed as the through variable. otherwise, L, representing the mass in the model, must be 1.8 times the membrane mass when v avg is employed.
C. RMS Equivalent Circuit Model Parameters
To derive an equivalent circuit with the rms velocity as the through variable, we consider the mechanical impedance of a clamped membrane in vacuum. We begin by defining the mechanical impedance as the ratio of total power across the driven surface of the membrane and the square of v rms , 
where p(r) is the normal force per unit area distribution on the driven surface. assuming that p(r) is constant across the membrane surface and n = 2 for clamped membrane, this impedance expression becomes |v avg | 2 /|v rms | 2 times the Mason's mechanical impedance obtained from the total force to average velocity ratio. Z rms can readily be calculated by FEM analysis. Matching the slope of the impedance of an equivalent series LC section to (7) at the resonance frequency reveals that L rms is exactly equal to the mass of the membrane, rather than 1.8 times the mass as in Mason's circuit.
Hence, the lumped inductance in the rms circuit models the effect of mass directly. To preserve the resonance frequency in vacuum, the capacitance in Mason's circuit representing the compliance of the membrane must be multiplied with |v rms | 2 /|v avg | 2 = 1.8,
where Y 0 is the young's modulus, σ is the Poisson's ratio of the membrane material, and t m is the membrane thickness. a correction to this formula may be necessary for membranes with t m /a > 0.1 as explained in [5] .
If v rms is employed in the "normalized power" expression instead of v avg , we obtain the normalized radiation impedance Z rrms , depicted in Fig. 2 , which is |v avg | 2 /|v rms | 2 times the "normalized power" in [17] . calculation of Z rrms can be found in the appendix.
III. Fundamental Equations of the cMUT
static and harmonic analyses in FEM can predict the dc deflection and the fundamental velocity profile, respec-tively. We studied the membrane behavior using dynamic transient FEM analysis and at 80 discrete radial positions along the membrane surface, we fitted a sum of sinusoids, which consists of the fundamental and its first 5 harmonics, to each of the time-domain velocity data obtained at these 80 locations along the radius. Then, the amplitude distribution of each harmonic along the radius is used to find the velocity profile at that frequency. The phase of each harmonic is observed to be almost constant across the radius. We fitted (1) to the obtained velocity profile of each harmonic component and we observed that n in (1) is dependent on the bias voltage and varies between 1.95 and 2.2. as the bias voltage increases, n also increases. nevertheless, the membrane velocity profile can be modeled quite accurately as a clamped radiator (n = 2), up to more than 2 times the series resonance frequency.
It is possible to derive a nonlinear analytical electromechanical model for the cMUT. When the cMUT is driven by a voltage V(t) = V dc + V ac (t), the electrostatic force acting on the small ring of area 2πrδr can be calculated by taking the derivative of the stored energy in the clamped capacitance
where x(r,t) is the membrane displacement normal to the surface and the capacitance of the ring is
Total force on the driven surface of the membrane is found by integrating (10) as δr → 0
where t g is the gap height, ε 0 is the free space permittivity, and x p (t) = x(0,t) is the peak displacement at the center of the membrane. Eq. (12) can be evaluated for n = 2 as follows
where C 0 = ε 0 πa 2 /t g . note that when x p (t) < 0,
which is a more useful expression for a simulator. For small displacements around the point x p (t) = 0, Taylor series expansion of (13) provides a simpler mathematical interpretation, where the leading terms are 
The current flowing through the electrodes of the small ring is the time derivative of the charge on this ring
The first term in (16) is the capacitive current and the second one is induced by the membrane motion and, therefore, we call it the velocity current. We note that both current components depend on the instantaneous value of the membrane displacement. considering an equivalent circuit, capacitive current flows through the shunt capacitance at the electrical side and velocity current is the one that gives rise to velocity at the mechanical port. To find the total capacitive current, i cap , we evaluate the integral as δr → 0 
To find the velocity current flowing through the clamped capacitance, the second term at the right hand side of (16) (18) , (21) , and (13) 
Taylor series expansion of the velocity current expression is 
It is possible to obtain the small signal model parameters of the equivalent circuit from the Taylor series expansions of F tot , i c , and i vel . assuming that the membrane displacement is very small compared with t g around x p = 0, we write from (15)
If we choose
DC ac , and because x avg (t) = x p (t)/3, we find
where the first term at the right side represents the static force and the second term is the ac force due to electromechanical transformer ratio. The turns ratio of the transformer can be found from the second term as N = V dc C 0 / t g which is the same as that found in [1] . The third term in (24) is the amount of spring softening, due to increased electrostatic force caused by the displacement. It is like a negative capacitor of value −C 0 /N 2 , which is also consistent with [1] . For very small displacements around x p = 0, the nonlinear part, i c , is negligible, and the velocity current is
The small signal parameters are sufficient to model a cMUT, as long as the membrane displacement is very small around x p = 0 and the spring softening is not very pronounced. However, cMUTs are always used with dc bias, and the assumption of operation around x p = 0 is not realistic even under small signal ac conditions. also, it is apparent, even from the linearized equations, that the existence of large displacements can significantly alter the device behavior. To investigate the nonlinear nature of the cMUT, the unknown membrane displacement must be determined, so that the force and current equations can be implemented accordingly.
IV. Modeling of cMUT for Harmonic balance analysis
The harmonic balance (Hb) analysis is a frequency domain nonlinear circuit analysis method, which is capable of finding the large signal, steady-state response of nonlinear circuits and systems. linear circuits are modeled in frequency domain, while the nonlinear components are modeled with their time domain characteristics [20] . In this method, the input to the system is assumed to be a sinusoid, and the steady-state solution is found as the sum of a fundamental component and its harmonics. The method is significantly more efficient than time-domain simulators when the circuit contains components that are modeled in the frequency domain and the time constants are large compared with the period of the fundamental excitation frequency. In [21] , a harmonic balance approach is applied to the weakly nonlinear equations of a MEMs microphone to characterize the unknown system parameters.
as seen in Fig. 3 , we used a linear mechanical section and a consistent radiation impedance. a commercial harmonic balance simulator (advanced design system, agilent Technologies, Palo alto, ca) is used to implement the physical equations derived in section III. We also performed transient simulations in addition to harmonic balance simulations and compared the results with FEM simulations.
The mechanical section is constructed as lumped elements and a component that encapsulates the radiation impedance, Z rms (ω), in the frequency domain with a suitable (Touchstone formatted) file. a symbolically defined device in the Hb simulator enables us to create, multiport nonlinear equation-based components. We implemented the physical equations of the cMUT by relating port currents, port voltages, and their derivatives in this device. Eq. (13) is used to generate the total force, F tot , at the mechanical side of the equivalent circuit. Eqs. (18) and (21) give i c and i vel in the model of Fig. 3 ; x p (t) in those equations represents the instantaneous charge in C rms , and it can be found from x t C F t p c
When the absolute peak membrane displacement is 0.1% of the gap height or less, Taylor expansions of the equations are used to avoid convergence problems in the simulator that might occur when x p becomes very small. We can calculate total power, total force, and capacitive and velocity currents as outputs from the device.
A. Static Analysis
We compared the dc performance of the Hb model with the FEM static analysis results. a cMUT membrane immersed in water with the top electrode placed at the bottom of the membrane is considered in all FEM simulations. static deflection of a cMUT cell is examined with respect to dc bias voltage, the physical dimensions and the material properties of which are given in Table I . The cMUT collapses at 95 V in FEM analysis and at 97 V in Hb analysis, where t m /a = 0.05. In addition, increasing the thickness of the membrane, t m , and repeating the analysis up to t m /a = 0.2 revealed that the amount of error is confined within 3%. It must be noted that the choice of Mason's or rms mechanical section does not have any effect on the dc performance, and the membrane displacement is determined by the force model employed. It is noticed that the equivalent circuit predicts a higher peak displacement compared with FEM analysis.
The procedure is notably simplified while deriving the mechanical impedance of the cMUT with the assumption of constant force distribution in (7) . The across variable is simply defined as total force on the membrane, F tot , consistent with the phasor notation. However, there is an effect of nonuniform force distribution that becomes significant, particularly when the membrane is biased close to the collapse point. FEM analysis reveals that the force distribution is effectively uniform under low bias conditions, and a nonuniform component emerges as the bias is increased and becomes significant at high bias levels.
B. Frequency Response Analysis
1) Small-Signal Analysis: a prestressed harmonic analysis in FEM calculates the dynamic response of a biased membrane, assuming that the harmonically varying stresses are much smaller than the prestress itself. It does not take into account any kind of nonlinearity. Therefore, it is meaningful to evaluate only the small signal frequency response, where the membrane should not be biased very near to the collapse point. We can define the transducer's electrical admittance as Y in = G in + jB in , where G in is the conductance and B in is the susceptance of the cMUT. To follow the progress made in the proposed model, first, Mason's small signal equivalent circuit is analyzed. This circuit is composed of an electromechanical transformer with turns ratio, N = V dc C 0 /t g , which separates the spring softening capacitance, −C 0 /N 2 , and the mechanical LC section defined in [4] from the shunt input capacitance, C 0 . In Fig. 4(a) , the small signal electrical conductance of an immersed cMUT cell is found by terminating this circuit with the radiation impedance of a piston, Z rp . at bias voltages, 60 V, 70 V, and 80 V, a 1-V peak ac signal is applied, and the results are compared with the FEM harmonic analysis results. at V dc = 90 V, the membrane collapses around the resonance frequency. It can be seen that the resonance frequencies are much lower and the spring softening is more pronounced in the FEM predictions.
Improvement is obtained when Mason's equivalent mechanical section and the corresponding radiation impedance is replaced by the rms equivalent mechanical section, L rms and C rms , and the radiation impedance Z rrms , respectively, as explained in section II-c. This is the circuit shown in Fig. 3 , where root mean square velocity, v rms , and F tot are the through and across variables, respectively. The conductance obtained by this model for same bias levels is depicted in Fig. 4(b) , together with the FEM results. Much better agreement is achieved in terms of peak conductance level, resonance frequency estimation, and the spring softening effect. However, in Hb results, the amplitude of the conductance and the resonance frequency are slightly higher compared with FEM. For higher V ac /V dc , resonance frequency predictions of both analyses converge to each other. We have also observed similar results for cMUTs having the same radii but thicker membranes up to t m /a = 0.2. We can see that resonance frequency shift due to increased bias voltage falls short as the bias voltage increases, where the nonuniform force distribution begins to be significant and the clamped membrane velocity profile changes (n increases). These 2 major variations increase the error rate as we approach close to the collapse point.
We have also carried out the transient FEM analysis at several discrete frequencies to validate the linear behavior of the membrane under these drive conditions. We observed that the transient analysis yields exactly the same results with the prestressed harmonic analysis in FEM for linear operations.
2) Nonlinear Analysis: Prestressed harmonic analysis is reliable for small signal simulations. To find out the large signal performance of the introduced model, we employed dynamic transient analysis in FEM. on account of this, it is necessary to apply large V ac as long as the membrane does not collapse during the transient process. In Fig. 5 , the real part of the fundamental component of the source current is shown for Hb analysis, together with transient and prestressed harmonic FEM analyses. In these simulations V dc and V ac are 10 V and 40 V peak, respectively. There is a peak at half the resonance frequency, because the second harmonic coincides with the resonance frequency causing significant membrane velocity at the resonance. However, prestressed FEM harmonic analysis cannot predict the nonlinear behavior. on the other hand, the rms equivalent circuit predicts the conduction peak at half the resonance frequency quite well. The data of the equivalent circuit for this figure is obtained in less than one minute, while producing the data of transient FEM analysis took approximately one day on the same computer.
C. Transient Analysis
In Fig. 6 , the displacement at the center of the membrane is plotted, which is driven with a sinusoidal signal although the harmonic balance simulates the nonlinear circuits rapidly, it only produces the steady-state response. We also studied the transient effects of the same rms equivalent circuit by means of transient simulations. Fig. 7 shows the peak displacement of the membrane, where the membrane is biased to 40 V and a rectangular pulse of 40-V amplitude is superimposed for 0.1 μs duration. although the agreement is impressive, FEM simulation predicts a slightly faster damping.
D. Pulse Shaping
Using the equivalent model equations and parameters, we can design the shape of the driving voltage to obtain the desired acoustic signal. a pressure pulse, which has a Gaussian-shaped frequency spectrum, is an appropriate choice at the surface of the membrane. First, the magnitude, the bandwidth, and the center of this spectrum are determined. Then, the rms velocity is found in the frequency domain, from the ratio of the desired total force at the top surface of the membrane and the impedance of the medium. The total force, F tot , at the driven surface is calculated from the product of rms velocity and the total mechanical impedance. Finally, the driving voltage is calculated from (13) .
If the desired pulse across the radiation impedance is as shown in Fig. 8(a) , the model predicts the driving voltage as given in Fig. 8(b) . To check the validity of this driving voltage, it is applied in FEM transient analysis, and the obtained result is also plotted in Fig. 8(a) . The obtained pulse shape is a little distorted compared with the expected one. However, the results are very similar both in FEM and Hb. We note that calculating the driving voltage and obtaining the result in Hb takes place in less than 1 minute. although the frequency spectrum of the desired pulse is centered at 3 MHz with a 6-db bandwidth of 1.2 MHz, the necessary drive voltage contains significant harmonics nearly up to 15 MHz. If a larger bandwidth is aimed centered at the resonance frequency, even more harmonics are needed at higher frequencies for the excitation voltage. The linear mechanical LC section is valid over a wide frequency band around the resonance frequency, but it fails to represent the membrane dynamics as the frequency approaches to antiresonance. The antiresonance of this particular immersed membrane is around 25 MHz. as long as the frequency spectrum of the obtained driving voltage is confined in the valid operation band of the model, the obtained pulse shape will be very similar to the desired one.
V. conclusions an alternative equivalent circuit for immersed circular cMUT is presented for linear and nonlinear operations. root mean square velocity is used instead of the commonly used average velocity. a clamped profile is used when deriving the analytical force and current equations, and the corresponding radiation impedance is employed. all parameters in the model can be simply calculated analytically for particular device dimensions, independent of FEM analysis. although there is no parameter tuning in our model using the FEM results, the predictions are accurate.
differences between FEM results and the model predictions can be accounted for the approximations in the model equations. one of them is the variable nature of n as a function of bias voltage. FEM analysis predicts that the clamped membrane deflection profile can be modeled by (1) for n varying between 1.95 and 2.2. We have taken n = 2. Furthermore, the force distribution across the membrane is not uniform. FEM simulations show that force is larger at the center of the membrane compared with its periphery. We used the total force on the membrane as the lumped across variable in the model, which estimates a lower deflection at the center. appendix radiation Impedance radiation impedance of a transducer with a certain velocity profile is the ratio of total power radiated from the 
where ρ 0 is the density and c is the speed of sound of the immersion medium and 
J n and H n are the nth order bessel and struve functions, respectively. For ka < 0.1, Z rrms = R rrms + jX rrms can be approximated as 
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